We propose in this paper a novel inverse tangent transverse shear deformation formulation for functionally graded material (FGM) plates. The isogeometric finite element analysis (IGA) of static, free vibration and buckling problems of FGM plates is then addressed using a refined plate theory (RPT). The RPT enables us to describe the non-linear distribution of shear stresses through the plate thickness without any requirement of shear correction factors (SCF). IGA utilizes basis functions, namely B-splines or non-uniform rational B-splines (NURBS), which achieve easily the smoothness of any arbitrary order. It hence satisfies the C 1 requirement of the RPT model. The present method approximates the displacement field of four degrees of freedom per each control point and retains the computational efficiency while ensuring the high accuracy in solution.
Introduction
FGM-a mixture of two distinct material phases: ceramic and metal, e.g. Figure 1 , are very well capable of reducing thermal stresses, resisting high temperature environment and corrosion coatings. FG plates are therefore suitable for applications in aerospace structures, nuclear plants and semiconductor technologies. They have hence been received great attention by many researchers.
3 functions provide a flexible way to make refinement, de-refinement, and degree elevation [37] . They enable us to easily achieve the smoothness of arbitrary continuity order in comparison with the traditional FEM. Hence, IGA naturally verifies the C 1 -continuity of plates based on the HSDT assumption, which is interested in this study. The IGA has been well known and widely applied to various practical problems [38] [39] [40] [41] [42] [43] [44] and so on.
In this paper, a novel inverse tangent transverse shear deformation plate theory with four parameters of displacement field are proposed to study the behavior of the FGM plates based on NURBS-based IGA approximation. The RPTs are independent on SCF and free from shear locking.
The material property changing continuously through plate thickness is homogenized by the rule of mixture and the Mori-Tanaka homogenization technique. IGA utilizes the NURBS functions which achieve easily the smoothness with arbitrary continuous order. It helps the present method to naturally satisfy the C 1 continuous requirement of this plate theory. Numerous numerical examples are provided to illustrate the effectiveness of the present formulation in comparison with other published models.
The paper is outlined as follows. Next section introduces the novel RPT for FGM plates. In section 3, the formulation of plate theory based on IGA is described. The numerical results and discussions are provided in section 4. Finally, this article is closed with some concluding remarks.
The novel refined plate theory for FGM plates

Functionally graded material
Functionally graded material is a composite material which is created by mixing two distinct material phases which are often ceramic at the top and metal at the bottom. In this paper, two homogenous models have been used to estimate the effective properties of the FGM including the rule of mixture and the Mori-Tanaka technique. The volume fraction of the ceramic and metal phase is assumed continuous variation through thickness as the following exponent function [10] 
where subscripts m and c refer to the metal and ceramic constituents, respectively. Eq. (1) denotes that the volume fraction varies through the thickness based on the power index n.
Figure 1:
The functionally graded plate model.
Then, the effective properties of material according to the rule of mixture [10] are given by
where , cm PP denote the individual material's properties of the ceramic and the metal, respectively including the Young's modulus E, Poisson's ratio , density .
However, the rule of mixture does not consider the interactions among the constituents [46, 47] . So, the Mori-Tanaka technique [45] is then developed to take into account these interactions with the effective bulk and shear modulus defined from following relations: 
where Figure 2 illustrates the comparison of the effective Young's modulus of Al/ZrO 2 FGM plate calculated by the rule of mixture and the Mori-Tanaka scheme via the power index n. It is noted that 5 with homogeneous materials, two models give the same values, however as material becomes inhomogeneous, the effective property through the thickness of the former is higher than the latter one. 
The novel inverse tangent transverse shear deformation plate theories
A general displacement field based on refined plate theory according to Shimpi [25] is defined as 
where 00 , uv are the membrane displacements along the x, y axis respectively and . It means that traction-free boundary condition at the top and bottom plate surfaces is automatically satisfied. In this study, beyond some existing shape functions [10, 20, 21, 48] , we propose two inverse tangent formulations for () fz as listed in Table 1 . 
The relationship between strains and displacements is described by 
A weak form of the static model for the plates under transverse loading q 0 can be briefly expressed as:
where 
For the free vibration analysis of the plates, weak form can be derived from the following dynamic
where m -the mass matrix is calculated according to the consistent form , , , , , 
For the buckling analysis, a weak form of the plate under the in-plane forces can be expressed as: To present exactly some curved geometry (e.g. circles, cylinders, spheres, etc.) the non-uniform rational B-splines (NURBS) functions are used. Be different from B-spline, each control point of NURBS has additional value called an individual weight A w [36] . Then the NURBS functions can be expressed as
It can be noted that B-spline function is only the special case of the NURBS function when the individual weight of control point is constant.
A novel RPT formulation based on NURBS approximation
Using the NURBS basis functions above, the displacement field u of the plate is approximated as
where
is the vector of nodal degrees of freedom associated with the control point A.
Substituting Eq. (19) into Eq. (7), the in-plane and shear strains can be rewritten as:
in which ,, 
, , , 000 000 0 0 0 , 000 0 0 0 2
Substituting Eq. (20) into Eqs. (8), (11) and (15), the formulations of static, free vibration and buckling problem are rewritten in the following form
where the global stiffness matrix K is given by
and the load vector is computed by
the global mass matrix M is expressed as 
in which , [43, 29] . In our work, the basis functions are C p-1 continuous. Therefore, as 2 p  , the present approach always satisfies C 1 -requirement in approximate formulations based on the proposed RPT.
Results and discussions
In this section, the plates with two kinds of shape such as square and circle are modeled. The FGM plates are made from Aluminum/Alumina (Al/Al 2 O 3 ) or Aluminum/Zirconia (Al/ZrO 2 ) and the properties of which are listed in Table 2 . Numerical results are obtained by IGA with full 
Convergence study
Let us consider the simply supported Al/SiC square FGM plate shown in Figure 4a , for which properties are given in Table 2 . The plate is subjected to a sinusoidal pressure defined as 0 sin( )sin elements is depicted in Figure 6 according to n = 1 and 6, respectively. It is observed that, as number of element increases the obtained results converge to exact solutions from 3D deformation model by 13 Vel and Batra [46] . IGA, moreover, gains the super-convergence with the discrepancy between meshing of 5x5 and 25x25 around 0.05% as p  3. Here, using the RPT with function () fz proposed by Reddy [10] , the present method, which just uses 11x11 cubic NURBS elements shown in Figure   4c , produces an ultra-accurate solution that is very close to the exact solution with very small error around 0.02%. Therefore, in the next problems, the meshing of 11x11 cubic NURBS elements is used. Figure 5 . Comparison of present result with analytical solution of Vel and Batra according to power index n = 1 and 6, respectively.
Next, the shear locking phenomenon is investigated for an isotropic plate which is subjected to a uniform transverse load q 0 . Figure 6 reveals the relation between the central deflection and the length to thickness ratio under full simply supported and full clamped conditions. By using various () fz functions in [21, 48] and the two proposed models 1 & 2, it is seen that all obtained results are the same for this problem. Those solutions are in good agreement with that using TSDT based on the Mindlin plate model with 5DOFs/node provided in [29] for moderate thick and thick plates. However, as plate becomes very thin (a/h>1000) the obtained results from TSDT with 5DOFs are not asymptotic to that of CPT [51] . It is called shear-locking phenomenon. Herein, with two approximated variables for transverse displacement according to Eq. (5), the shear strains/stresses are obtained independently on the bending component. As a result, the RPT has strong similarity with the CPT and will be free of shear-locking. The present results therefore match well with the thin plate result [51] , even 
Static analysis
In Table 3 . The solutions are in good agreement with that of Zenkour's generalized shear deformation theory [52] , and those from Carrera et al. [53, 58 ] using Carrera's unified formulation and Neves et al. [54, 55] using sinusoidal shear deformation theory (SSDT) and HSDT models. It is concluded that the quasi 3D models accounting for the thickness stretching effect 0 z   gain the lower transverse displacement and higher axial stress than the 2D plate models which eliminate the stretching effect. However, the discrepancy between two models reduces as the plate becomes thinner. Figure 7 plots the stress distribution through the thickness of thick plate with a/h = 4 and n = 1. Using RPT models, the axial stress is plotted in the same path while there is a slight difference observed for shear stress distribution. And, all of them satisfy the traction-free boundary conditions at the plate surfaces. To end this sub-section, the effective of boundary conditions on the normalized central deflection Table 4 are compared with those of Gilhooley [59] based on HOSNDPT using 18DOFs/node and Tran et al. [29] based on TSDT using 5 DOFs/node. Figure 9 shows that, by just using 4 DOFs/node, the present model produces solutions very close to Refs. [29, 59] for all boundary conditions. Moreover, when the boundary condition changes from CCCC to SSSS and SFSF, the structural stiffness reduces, the magnitudes of deflection thus increase, respectively. The shapes of transverse displacement according the various boundary conditions are illustrated in Figure 10 .
Free vibration analysis
Let us consider a simply supported Al/ZrO 2 -1 plate which is homogenized by the Mori-Tanaka scheme. In Table 5 , we also provide the results based on the RPT with various functions () fzin [10, 48] and two current models 1 & 2 in comparison with the exact solution [50] , that of HOSNDPT [47] and quasi 3D-solution using SSDT and HSDT [54, 55] . The excellent correlation between these models is again achieved for all values of exponent n. In addition, it is revealed that the proposed model 2 gives the best natural frequency with the least error compared to exact result [50] by Vel and Batra. The first ten natural frequencies of the thick and moderate plate with a/h = 5, 10, 20 are listed in Table 6 . The computed values agree well with the literature [47] for various a/h ratios and mode number. Corresponding to n = 1, the first six mode shapes are plotted in Figure 11 . Figure 11 The first six mode shapes of Al/ZrO 2 -1 with n =1, a/h=5. 
Buckling analysis
In this section, a clamped circular plate of radius R and thickness h is subjected to a uniform radial pressure p 0 is meshed into 11x11 cubic elements as shown in Figure 12 thickness to radius ratio is illustrated in Figure 13 and Figure 14 respectively. It is observed that the critical buckling load increases corresponding to the decrease in the h/R ratios and the increase in the value of n. When n> 10, it is slightly independent on the increment of the exponent n. Table 7 shows the comparison between present results with analytical solution published in the literatures [56, 57] and numerical solution based on IGA [29] using TSDT. The RPT gives slightly higher values than TSDT [57, 29] and unconstrained third-order shear deformation plate theory (UTSDT) [56] with the difference of 0.5% and 1.8%. However, the discrepancy between them reduces as plate becomes thinner. Figure 15 presents the first four buckling mode shapes of the clamped circular Al/ZrO 2 -2 plate with h/R = 0.1 and n = 2. 
Conclusions
In this paper, we have developed the inverse tangent transverse shear deformation model together with the isogeometric finite element formulation for static, free vibration and buckling analyses of FGM plates. The method fulfills the C 1 -requirement of RPT model and the approximate displacements have four DOFs per each control point which results in less computational cost compared to other five DOFs methods. In the present model, the shear strains/stresses are obtained independently on the bending component. As a result, RPT has been strongly similar to CPT and it naturally overcomes the shear locking phenomenon. The present results are compared with analytical solutions and those using HSDT or quasi-3D models and they demonstrated excellent agreement in static, free vibration and buckling problems. The present models ensured the non-linear distribution of the shear stress/strain through the plate thickness without using any shear correction factors, and yielded the traction-free boundary conditions at plate surfaces. Finally, it can be concluded that the proposed model 2 produces the high accuracy for analysis of FGM plates.
